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Abstract
An equivalence between an integro-
differential operator M and an evolution
operator Ln is determined. Owing to this
equivalence, the fundamental solution of
Ln is estimated in terms of the fundamen-
tal solution related to the third order oper-
ator L1 whose behaviour is now acquired.
Moreover, properties typical of wave hier-
archies can be applied to polymeric ma-
terials. As an example the case n = 2
is considered and results are applied to
the Rouse model and the reptation model
which describe different aspects of poly-
mer chains.
1. Introduction
The creep and relaxation processes re-
lated to the viscoelastic behavior of many
actual polymeric materials are specified by
means of memory functions like:
gn(t) =
n∑
h=1
Bh e
−βht,(1.1)
where n, Bh and βh depend on the poly-
mer physics and are determined in order to
fit the experimental curves for gn(t) with
a required approximation [1-3].
Moreover, according to the well-known
Muntz and Schwartz’z theorem [4-5], ev-
ery continuous spectrum can be uniformly
represented by Dirichlet polynomials.
In this paper, an integro - differential op-
eratorM related to (1.1) is considered and
a conditioned equivalence between M and
the (2 + n) order operator:
Ln = ∂
(n)
t (∂tt − c
2
n∂xx) +(1.2)
an−1∂
(n−1)
t (∂tt−c
2
n−1∂xx)+..a0 (∂tt−c
2
0∂xx)
where ak (k = 0..n − 1) are positive con-
stants, is extablished.
By this equivalence whatever n may
be the fundamental solution of (1.2) is
1
explictly determined and an estimate in
terms of the fundamental solution related
to the third order operator is achieved,
too.
As applications, when n = 2, results are
applied to polymer chains and the Rouse
model and the reptation model are consid-
ered.
2. Statement of the prob-
lem
Let B a linear, isotropic, homogeneous
system and let u(x, t)i the displacement
field from an underformed reference con-
figuration B0.
Indicating by σ and ε the only non van-
ishing components of the stress and the
strain tensors, the constitutive relation is
n∑
k=0
ak ∂
k
t σ =
n∑
k=0
αk ∂
k
t ε(2.1)
with ak, αk constant (an, αn 6= 0).
So, if f = f i is the known body force,
ρ0 denotes the mass density in B0, and
ck = αk/ρ0ak, the one dimensional linear
motions of B are described by higher order
equation [6]:
Lnu = F(2.2)
where
Ln =
n∑
k=0
ak∂
(k)
t (∂tt − ck∂xx)(2.3)
and
F = (1/ρ0)
n∑
k=0
ak ∂
k
t f.(2.4)
In (2.3) constants ck are the charac-
terized speeds depending on the materi-
als properties of the medium and in many
physical problems it results c20 < c
2
1.. <
c2n−1 < c
2
n and so the equation (1.2) is typ-
ical of the wave hierarchies. [7].
When n = 1, (2.3) turns into a strictly
hyperbolic third - order operator which
models the evolution of the Standard Lin-
ear Solid (S.L.S.) [8-9] and its behaviour
has been already discussed in [10]. The
fundamental solution E1 has been explic-
itly determined together with maximum
theorems and boundary layer estimates.
Moreover, if J(t) denotes the creep-
compliance, the behavior of most vis-
coelastic media is fairly well modelled by
linear hereditary equations like:
ε(t) = J(0) [σ(t)+(2.5)
+
∫ t
−∞
J˙(t− τ)σ(τ)dτ ].
According to fading memory hypothe-
ses [11-12], J˙(t) is a positive fast decreas-
ing function and in many real materials as
polymers rubbers or bitumines, it is rep-
resentated by means of chains of S.L.S. el-
ements in series or parallel [2-3]. In the
series case, one has:
Jn(t) = Jn(0) [ 1+(2.6)
2
+
n∑
k=1
Bk
βk
(1− e−βkt)],
where n is the number of elements in the
chain, Jn(0) denotes the elastic compli-
ances and τk = β
−1
k are the characteristic
times .
Let consider equations of one dimen-
sional motions of B:
ρ0 utt = σ + f, ε = u,(2.7)
by means of (2.5) - (2.7) the following in-
tegral constitutive equation is deduced:
Mu = c2uxx − utt−(2.8)
−
∫ t
0
g(t− τ)uττdτ = −F∗(x, t)
where
c2 = [ρ0Jn(0)]
−1,(2.9)
F∗ = c
2[Jn(0)f +
∫ 0
−∞
J˙n(t− τ)σx(τ)dτ ].
and
g = gn(t) =
n∑
k=1
Bke
−βkt = J˙n(t)/Jn(0).
(2.10)
In this memory function, n is quite arbi-
trary and constants Bk and frequencies βk
are such that:
0 < β1 < β2... < βn;(2.11)
Bk > 0 ∀k = 1, 2....n.
Whatever n may be, the fundamental
solution En of operator M has been ex-
plictly determined [13-14]. Moreover, let
E1 the fundamental solution related to an
appropriate S.L.S. B∗1 defined by:
g1 = b e
−β1t(2.12)
with
b = β1
n∑
1
Bk
βk
,(2.13)
the following theorem assures that the fun-
damental solution En can be rigorously es-
timated by means of E1.
In fact, if Γ is the open forward char-
acteristic cone {(t, x) : t > 0 |x| < ct},
and χn =
∏n
k=2 (
Bk
β1
)2, then the following
theorem holds:
Theorem 1.1 - If the memory function
is given by (2.10) (2.11), then the funda-
mental solution En of M is a never neg-
ative C∞(Γ) function and it satisfies the
estimate:
0 < En(β1..βn, B1..Bn) <(2.14)
< χn E1(β1, b),
everywhere in the cone Γ and whatever n
may be.
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3 . Conditioned equivalence be-
tween operators Ln and M
Let be null the initial data related to
(2.2) and (2.8) and let
µk = ak/an,(3.1)
λk = akck/ancn (k = 0, ..n).
Appling the Laplace transform and the
polinomial identity one has cn = c
2 and:


λ0 = β1β2..βn
..............................
λn−2 = β1β2 + β1β3 + ..βn−1βn
λn−1 = β1 + .... + βn
(3.2)
So, owing to (2.11), all the λk’s are posi-
tive. Further, as for µk, one has:


µ0 = λ0 +B1(β2..βn) + ...
...+Bn(β1..βn−1)
..............................
µn−2 = λn−2 +B1(β2 + ..+ βn)
...+Bn(β1 + ..+ βn−1)
µn−1 = λn−1 +B1 + .... +Bn
(3.3)
and (2.11), (3.3) imply too:
0 < λk < µk (k = 0, ..n − 1).(3.4)
So, for k = 0, ...n − 1, one has:
0 < ck < cn = c
2.(3.5)
At last, by (3.2),(3.3), it follows:
λ0
µ0
<
λ1
µ1
<
λn−1
µn− 1
(3.6)
and hence:
0 < c0 < c1.... < cn.(3.7)
As consequence, the following property
holds:
Property 3.1 Hypotheses of fading
memory (2.10) (2.11) imply that the dif-
ferential operator (2.3) is typical of wave
hierarchies.
Vice versa when the differential equa-
tion (2.2) is prefixed, to obtain the dual
hereditary equation (2.8) with a memory
function gn(t) satisfying (2.10), (2.11), ap-
propriate restrictiones on the constants
ak, ck must be imposed.
Example 3.1
When n = 2, one has c2 = c2, B0 = 1.
Further β1, β2 are real iff:
ω2 = (a1c1)
2 − 4(a0c0)(a2c2) > 0.(3.8)
So, beeing:
β1 =
1
2a2c2
(a1c1 − ω),(3.9)
β2 =
1
2a2c2
(a1c1 + ω),
4
it results 0 < β1 < β2 .
Moreover as for Bi(i = 1, 2), one has:
Bi =
(−1)i−1
ω
[a0(c2 − c0)−(3.10)
−a1βi(c2 − c1)], (i = 1, 2),
and hence, B1 > 0, B2 > 0 iff
β1 <
ao
a1
c2 − c0
c2 − c1
< β2.(3.11)
Therefore, the fourth-order operator:
a2(utt − c2uxx)tt +(3.12)
+a1(utt − c1uxx)t + a0(utt − c0uxx)
can be analyzed by integral operator M
(2.8) with conditions (2.10), (2.11) and
when the constants ak, ck satisfy (3.8) and
(3.11).
4 . Polymeric materials
Polymeric materials are very flexible
like rubber and are easily formed into fi-
bres, thin films, etc. Moreover, the liquid
state composed only of polymers (polymer
melt) is an important state for industrial
uses where polymeric materials are pro-
cessed into various plastic products such
as gaskets, seals, flexible joints, vehicle
tires, etc..
Also the durability is a requirement im-
posed on polymers and polymeric compos-
ites and the interest for future develop-
ment of these materials is increasing more
and more.
A large literature treats with polymer
physics and as for viscoelastic theories,
two models which describe different as-
pects of the polymer chains, have met with
reasonable success: the Rouse model and
the reptation model [2-3].
In both cases the memory function gn(t)
assumes a form like (1.1).
In fact in the Rouse model function gn(t)
is given by:
gn(t) = k1
n∑
h=1
e
2h2 t
τ1(4.1)
where the relaxation time τ1 can be calcu-
lated by means of experimental results.[3].
When the viscoelastic behaviour is rep-
resented by the reptation model, as times
increases, the stress function decreases
with a relaxation time τd, and one has:
gn(t) = k
∑ 1
h2
e
−h2 t
τd ,(4.2)
where h ranges over odd integer, the con-
stant k depends on the polymer physics
and the value of the reptation time τd
can be fixed according to elasticity exper-
iments [1].
So, if one considers the first two steps
in the reptation model, it results: B1 =
k, B2 = B1/9, β1 = 1/τd, β2 = 9β1.
Consequently the operator (3.12) is char-
acterized by constants:
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

c0 = c
2 81
81+82kτd
a0 = 1 +
82
81 kτd
c1 = c
2 9
9+kτd
a1 =
10τ2
d
9 (
1
τd
+ k9 )
c2 = c
2 a2 =
τ2
d
9
(4.3)
Analogously, in the Rouse model, beeing
B1 = B2 = k1, β1 = 2/τ1, β2 = 4β1, one
has:


c0 = c
2 8
8+5k1τ1
a0 = 1 +
5k1
8 τ1
c1 = c
2 5
5+k1τ1
a1 =
τ2
1
16 (2k1 +
10
τ1
)
c2 = c
2 a2 =
τ2
1
16
(4.4)
The wave hierarchies defined by (4.3) or
(4.4) are governed by the operator L∗1 of
the Standard Linear Solid defined, respec-
tively, by:


c0 = c
2 81
81+82kτd
c1 = c
2
a0 = 1 +
82
81 kτd η =
81τd
81+82kτd
,
(4.5)


c0 = c
2 8
8+5k1τ1
c1 = c
2
a0 = 1 +
5
8k1τ1 η =
4τ1
8+5k1τ1
.
(4.6)
Remark 3.1- As swowed, memory
function gn(t) can depend on h
2. So the
approximation to the two first terms ap-
pears to be reasonable. However, in many
article the model is limited to a single re-
laxtion time (see. f.i.[15]).
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